Recently Hagis and McDaniel have studied the largest prime factor of an odd perfect number. Using their results, we begin the study here of the second largest prime factor. We show it is at least 139. We apply this result to
1. Introduction. Suppose n = p\lpa22 * " " PÏ* is an odd perfect number (opn) where a., a2, . . . , at axe positive integers and p. > p2 > ■ ■ • > pt axe primes. In [7] , Kanold proved that p. > 61. Recently, Hagis and McDaniel [5] , [6] have succeeded in showing that (1) p. > 100129.
It is the purpose of this paper to study the second largest prime factor of an opn. In Section 2 we develop a method of attack. In Section 3 we prove that (2) p2 > 139.
The proof of (2) makes only marginal direct use of computers (we used some computer factorizations in the construction of Table 3 ). But the proof of (2) does depend strongly on (1), and (1) could not have been accomplished without electronic assistance. In Section 4 we illustrate the value of the seemingly weak (2) . Indeed, in Pomerance [9] and Robbins [10] it is shown that any opn is divisible by at least 7 distinct primes. Sylvester [11] showed that if an opn 77 is divisible by precisely 7 distinct primes, then 31«. In Section 4, using (1) and (2), we prove that if an opn tj is divisible by precisely 7 distinct primes, then either 51« or 7|tí. This result would be very difficult to establish without the use of (2).
Before we proceed, it should be pointed out that there is an effective (but not practical) procedure for deciding the following:
Problem. Given any k, N, either find an opn with kth largest prime factor pk < N, or prove no such opn exists. Indeed, Dickson [2] and Gradstein [4] proved that for any given m there are only finitely many opn's divisible by at most 777 distinct primes, and it is clear, at least from Dickson's proof, that these opn's are effectively computable. Hence, to resolve the above problem, one need only examine the finite set of opn's divisible by at most at most k -1 distinct primes not less than A*". Together with the 7r(/V) -1 odd primes less than N, we see that n is divisible by at most k 4 itiN) -2 distinct primes.
Using this procedure to prove (2), one would "merely" have to enumerate the set of opn's divisible by at most 33 distinct primes. However, this would be an enormous undertaking and hardly practical. Since we do know that every opn is divisible by at least 7 distinct primes, this method gives the result p2 > 17. Using the additional fact that no opn is divisible by 3 • 5 • 7 (Sylvester [12] ), we can get p2 > 19.
By the above discussion, for any N there are at most a finite number of opn's with second largest prime factor p2 < N. We denote this set by P(/V). Hence, given any prime p, the set E(p, N) = {a > 0: pa\\n for some n E P(N)} is finite (we write x\\y if x\y and (x, yfx) = 1). The main goal of Section 2 is to develop procedures for proving E(p, N) = 0 or perhaps E(p, N) C S where S is some small, explicitly determined set of positive integers.
I wish to acknowledge the expert assistance of David E. Penney on the computer work used for constructing Table 3 . We state now a result found often in the literature; it is originally due to Bang [1] : Given arbitrary integers a>2,b>2, there is a prime p with oxd Aa) = b, unless (i) a = 2 and b = 6, or (ii) a = 2k -1 for some k and b = 2. We recall now the definitions of P(A) and Eip, N) from Section 1. Lemma 5. Suppose n E V(N) where N < 100129, p. is the largest prime factor ofn, p is any prime factor ofn, p^Wn, and pa\\n. Then ^(afjDj1)) > a -a3ip, A).
IfPx Î QXP, A), then up(a(>*Ji)) > a -a2(p, A). But r # p., contradicting n E P(A). Hence a ^ Eip, A).
To show that (v) implies a ^ Eip, A) we proceed as with the proof of (iv), except that we note the condition p. = q ^ Qip, A) implies by Lemma 5 that v (o(p\xf) >a-a2(p, A). Now assume (vi) holds. Then we may assume a(p") = qb where q is a prime and q> N. Lemma 3 implies apiq) = 0 or 1. Hence a ^ Eip, A) by (iv).
If (vii) holds, we may assume m2 = qb where q is a prime and q > N. Then Lemma 1 and (iv) imply a ^ Eip, A). Finally, suppose (ix) holds. Since aip" )\a(pa), we have a tf. E(p, A) due to our above proofs for (i)-(viii).
Remark. We note that Lemma 4 together with (iii), (viii), and (ix) of Theorem 1 imply that if a G E(p, A) and p <N, then every prime divisor r of a 4 1 satisfies r < max{^7V -1), a3(p, N) 4 b(p, A) + 3} and vr(a 4 1) < b(r, N) 4 1. Hence Theorem 1 provides an effective means for examining the finite set Eip, A). Tables 1, 2, and 3 . Also, bip, 139) for the above p may be found in Table 1 . where P is the product of all pfip -1) as p ranges over all primes less than 139 and Jiot equal to 2, 3, 7, 11, 13, 19, 31, 61, 97, 127 . This contradiction shows that P(139) = 0; that is, if an opn exists, its second largest prime factor is at least 139.
The Proof of (2). In Section 2 we remarked that the sets
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4. An Application. It was noted by Euler [3] , that if n is an opn, then in «'s prime factorization, every exponent is even except for one exponent which is = 1 (mod 4) as is the corresponding prime. We also note that if p is a prime, then oipa)lpa is an increasing function of a and lima^,00o(pa)/pa = p/ip -1). We are now in a position to prove: Theorem 2. Ifn= p\lpa22 • • ■ p77 is an opn where p. > p2> ■ • • > p7 are primes and a-, a2, . . . , a7 are positive integers, then p7 = 3 and p6 = 5 or 7.
Proof. As we remarked in Section 1, Sylvester [11] proved that p1 = 3.
Suppose p6 > 11. Then p6 = 11, p5 = 13, p4 = 17, and p3 = 19. Indeed, if not, using (1) and (2) 
